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It is shown that the non-adiabatic Hannay's angle of an integrable non-degenerate classical hamil- 
tonian dynamical system may be related to the Aharonov-Anandan phase it develops when it is 
looked mathematically as a quantum dynamical system. 
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I. A QUANTUM DYNAMICAL SYSTEM SEEN MATHEMATICALLY AS A CLASSICAL DYNAMICAL 

SYSTEM 

Let us start from the following: 

DEFINITION I.l 

quantum dynamical system: 
a couple (H, H) such that: 

• 7i is an Hilbert space 

• H Cz Cs.a.CH) (called the quantum hamiltonian) 

where Cs.aX'H) denotes the set of all the self-adjoint linear operators over H. 

Given a quantum dynamical system QDS = (7Y, H) let us introduce the following: 

DEFINITION 1.2 

classical hamiltonian dynamical system associated to QDS 

CDS[QDS] :— ii'P{?i),LUjiahler[9Fubtm~Study]), H) 

where: 

• P{Ti.) := is the projective Hilbert space associated to 7i i.e. the set of equivalence classes in Ti. with respect 
to the following equivalence relation: 

IV' >^\<j>> ■■= 3c e C : lip >= c\(j) > 

• ^Kahierigpubini- Study] IS the Kahlcr forni of the Fubini-Study metric over 

• He C°°(V{n)) is the hamiltonian defined by: 

HiP,!,) := Tr{HP^) (1.1) 

P^ :— |'0 >< "01 being the projector associated to a ji/' >€ S{TL)^ where Siji.) := >E H : < V'lV' >= 1} is the 
unit sphere in H. and where we have used the fact that: 

-Pin) ^d^ff {p^M>eS{n)] (1.2) 

Remark I.l 

Since {V{TL),gFiibini-stiidy) is a Kahler manifold, its Kahler form LOKahierlgFubini-Study] is in particular a symplectic 
form, so that CDS [QDS] is indeed a classical hamiltonian dynamical system 2j. 

Remark 1.2 

The classical hamiltonian dynamical system CDS [QDS] has not to be confused with the classical dynamical system 
obtained taking the classical limit of QSD since obviously: 

CDS[QDS] ^ lim QDS VQDS (1.3) 

CDS [QDS] is the quantum dynamical system QDS seen mathematically as a classical hamiltonian dynamical system. 
Remark 1.3 

The projective unitary group U{P{Ti.)) :— of TC acts on V{l-L) by isometrics of gFubini-^study that are symplec- 

tomorphisms of the symplectic manifold (P {H),ujKahier[g Fubini- study])- 

Let p : G <—>■ Vlji.) be a projective unitary representation on of a Lie group G. The associated momentum map 
J : VDq L{G)* (where L{G)* denotes the dual of the Lie algebra L{G) of G and where VDq denotes the essential 
G-smooth part of V{'H)) is equivariant 0- 

Let us consider a quantum dynamical system QDS = (7i, H) such that the associated classical dynamical system 
CDS[QDS] is integrable ,3J. 

Remark 1.4 

It has been shown in that the Aharonov-Anandan phase (i.e. the non-adiabatic quantum Berry's phase) of QDS 
may be related to the non-adiabatic Hannay angle Q (i.e. the holonomy of the Hannay-Berry connection j^], Q) of 
CDS [QDS]. 
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II. A CLASSICAL HAMILTONIAN DYNAMICAL SYSTEM SEEN MATHEMATICALLY AS A 

QUANTUM DYNAMICAL SYSTEM 

Let us start from the following 0: 
DEFINITION II. 1 

continuous-time classical dynamical system: 
a couple {{X , a , fi), {Tt}t£M.) such that: 

• {X , CT , /i) is a classical probability space 

• {Tt}teR is a one-parameter family of automorphisms of {X , a , fi), i.e.: 

/i o Tf^ = /i Vi e M 

We have seen in the previous section particular instances of the following notion: 

DEFINITION II.2 

classical hamiltonian dynamical system 
a couple {{M,uj),H) such that: 

• (Af , Lu) is a symplectic manifold 
m H e C°°{M) 

One has that: 
Theorem II. 1 
HP: 



{{M,uj),H) classical hamiltonian dynamical system such that M is compact and orientable 

TH: 



{{M , uj) , H) is a continuous-time classical dynamical system 

PROOF: 

Let us introduce the classical probability space {M,aBorei, fJ-LiouvUie), where asorei is the Borel-cr-algebra of M and 
where: 



'\=1 ^ ,N 
f^LioUVille • dimM \^'^) 

Im 

is the normalized Liouville measure over (M, aBorei)- 

The hamiltonian flow {Tj }fgR generated by H is a one-parameter family of symplectomorphisms of (M^ui) and 
hence: 

l^LiouviUe ° {Tf ) ~ fJ'Liouville Vt G M (2.2) 

■ 

Given a continuous-time classical dynamical system CDS :— {{X , ct, /x),{Tt}tgM) we can adopt Koopman's for- 
malism to introduce the following: 

DEFINITION II.3 



5 



quantum dynamical system associated to CDS 

QDS[CDS] := {H, H) (2.3) 

where: 

H := L^{X,^i) 

• H is the generator (defined by Stone's Theorem of the strongly-continuous unitary group {Ut — exp(?iiJ)}tgR 
such that: 

iUt^){x) := iiPoTt)ix) ^GH.teR (2.4) 

Remark II. 1 

QDS [CDS] has not to be confused with the quantum dynamical system obtained quantizing CDS since obviously: 

lim QDS[CDS] ^ CDS \/CDS (2.5) 
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III. CONSIDERING THE OPPOSITE OF THE REMARK lOI 

In the remark lL4l we saw that the Aharonov-Anandan phase of a quantum dynamical system QDS may be related 
to the non-adiabatic Hannay angle of CDS [QDS]. 

In this section we will show that also the opposite occurs, i.e. that the non-adiabatic Hannay's angle of an integrable 
classical hamiltonian dynamical system CDS may be related to the Aharonov-Anandan phase of QDS [CDS] ^ 

Given an integrable hamiltonian classical dynamical system {{M,uj), H) with (dim M = 2n) Liouville's theorem 
states that a compact and connected level set of n independent first integrals in involution is diffeomorphic to 
an n-dimensional torus T" on which the dynamics can be expressed in the action-angle canonical (i.e. such that 
uj ^ diA d*) variables (I = (/i, = ($i, ■•• , $„)) as: 

i = (3.1) 



* = (3.2) 

where: 

As it is well known there are two cases: 

• if (k • H := ki^li = => k = 0) Vk G Z" then the torus T" is said nonresonant and the dynamics on it 
is quasi-periodic 

• if (k • O = ^ k = 0) Vk G Z" then the torus T" is said resonant and the dynamics on it is periodic 
We will assume that CDS is everywhere non-degenerated, i.e.: 

det^ + (3.4) 



Remark III.l 

In general the canonical coordinates (I, $) are defined only locally. 

This means that considered two different level sets of the n independent first-integrals in involution one obtains two 
different local charts A :— {Ua, Xa) and B := {Ub, Xb) such that : 

XA{y) - (Ia,*a) : uj{v) = dlAAd^A e Ua (3.5) 



XB{y) = (Ib,*b) : uj{y) = rfls A d*B Wy e Ub (3.6) 
and where the map V'a.b : Xb(Ua H Ub) ^^ XAiUA n Ub)- 

tpA,B := XA o Xb^ (3-7) 

is infinitely differentiable. 

Since the consideration of a symplectic atlas of charts on (Af , ui) defining a collection of different action-angle 
variables simply complicates the situation without adding any further insight (at least for the matter we are going to 
discuss) we will assume that the canonical action-angle coordinates (I, $) can be extended globally over (M, w). 



^ The Aharonov-Anandan phase of QDS [CDS] was first proposed in by the author as the definition of a non adiabatic analogous of 
Hannay's angle. At that time I was unaware that non-adiabatic Hannay's angle was a notion already existing |^. I strongly apologize 
for such an error. In this paper non-adiabatic Ha nna y's angle refers to the notion discovered in mathematically expressed by the 
holonomy of the Hannay-Berry connection |^ , |^ , llOl . 



7 



Clearly one has that: 

QDS\CDS] = {n,H) (3.8) 

where: 

^ = ^'(^^"'(2^) (3-9) 

while the strongly continuous unitary group {exp(ifft)}tgR is specified by its action on the following basis: 

E := {|n > exp(m • *) , n e Z"} (3.10) 

given by: 

exp(im)|n > = exp(m • Ot)|n > V< £ R (3.11) 

Considered the C/(l)-principal bundle S{TC){V{'H),U{1)) it is well-known that the Aharonov-Anandan geometric 
phase is given by the holonomy of the following natural connection one-form A £ T*V{'H) ®L[U (1)] (where we denote 
by L[G] the Lie algebra of a Lie group G): 

A^{X) := Urn < i}\X > il; eS{n),X €T^S{n) cn (3.12) 

A curve 1 1— > \tp{t) >€ 5(W) is horizontal with respect to A if and only if: 

< ip{t)\^it) > = yt (3.13) 

So the Aharonov-Anandan geometric phase acquired by QDS[CDS] when it is subjected to a loop 7 : [0, 1] ^ ViH) 
such that 7(0) = 7(1) = P^,\ip >g S{n) is the holonomy r^(|V' >)■ 

Let us now consider a family of integrable classical hamiltonian dynamical systems CDS^ {{M, lu), Hj.) where 
X is a parameter taking values on a parameters' connected differentiable manifold P such that Hx depends smoothly 
by X and it there exists a point xq £ P such that CDSxg — CDS. 

Let us then introduce the family of quantum dynamical systems: 

QDS[CDSx] =: [H, H^) xeP (3.14) 

Let us suppose that the parameter x evolves adiabatically realizing a loop 7 : [0, 1] 1— > P : 7(0) = 7(1) = xq in P. 
The adiabatic limit under which the Aharonov-Anandan phase of QDS[CDS] reduces to the adiabatic Berry phase 
of such a quantum dynamical system may be simply implemented through a suitable puUback [ll| . 
In the adiabatic limit the basis: 

:= {|n,x> neZ",a;eP} (3.15) 

continues to be formed by eigenvectors of Uf 

Let us assume that the eigenvalue corresponding to \ii,x > is non-degenerate for every x E P. 
Given n e Z" let us then introduce the following map fn'- P ^ Viji): 

fnix) := P\n.x> = \n,x><n,x\ (3.16) 

Let us then introduce the puUback-bundle fn^iH) of the U(l)-bundle S{H){V{H), U{1)) by /„ and let us denote by 
f^A the connection on the principal bundle f^S(Tl) induced by the connection A through the pull-back operation; 
clearly such a connection is the Berry-Simon connection. 

The adiabatic Berry phase developed by QDS[CDS] after the adiabatic evolution 7 is then the holonomy r^" of 
the connection along the loop 7. 

Let us now consider the Hannay angles of the classical hamiltonian dynamical system CDS. 

At this purpose let us introduce E := M x P and the trivial bundle E P where clearly ttp : M x P ^ P is such 
that: 

TTp{y,x) := X yeM,xeP (3.17) 
and let us introduce also the other canonical projection ttm : M x P ^ P defined as: 

■KMiy.x) := y yeM,xeP (3.18) 
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Let us observe that the restriction of the puUback tt^JjOj to each fibre := np^(x) is a symplectic form on such a 
fibre. 

Introduced the natural spfitting of the total exterior derivative on AI x P of a function / G C°° {M x P) : 

df = dMf + dpf (3.19) 
meaning that, if (y^, ■ • ■ , y^") are local coordinates on M and (a;^, ■ • ■ , a;™) are local coordinates on P, then: 

dMf-Y.^,dy^ (3.20) 

i=l ^ 
™ Pi f 

- E (3-21) 

i—l 

let us introduce the following: 
DEFINITION III.l 

fibrewise hamiltonian vector field X f corresponding to J: 

iXfiT^h^) = dMf (3.22) 

Note that Xj is tangent to each fibre 7rp^(x) and hence defines an hamiltonian vector field on 7rp^(a;) in the usual 
sense. 

Given a Lie group G: 

DEFINITION III.2 

family of hamiltonian G- actions on E 

a smooth left action T:GxiJi-^iJofGonE such that: 

• each fibre E^ is invariant under the action 

• the action, restricted to each fibre E^, is symplectic 

• it admits a smooth family of momentum maps 3 : AI x P ^ L{G)* , i.e., for any x € P, the map J(-, x) : M ^ 
L{G)* is a momentum map in the usual sense for every x € P. 

Given a family T : G x E ^ E of hamiltonian G-actions on E and an arbitrary tensor T on E let us introduce the 
following: 

DEFINITION III.3 

G-average of T: 

<T>:= [ T*Tdg (3.23) 



\G\ 



a 
G 



where dg is the Haar measure on G and where \G\ := ^Qdg. 

Let us now observe that since CDSx is integrable for every x £ P there exists, due to Liouville theorem, a set of 
local x-dependent action variables I(- , x) := (/i(- , x), • ■ • ,/n(- , x)). 

For the same reasons exposed in the remark FlILll we will assume, from here and beyond, that this system is globally 
defined on E and, furthermore, that is everywhere non-degenerated, i.e.: 

det^ ^ (3.24) 

Let us now look at the n-torus T" as an abelian Lie group; we have clearly that: 

L(T")* = L(T") ^ R (3.25) 

Under the assumed hypotheses it results defined a family of hamiltonian T^"^ -actions T : T" x E ^ E onJL whose 
associated smooth family of momentum maps is J = I : _E M". 
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Remark III. 2 

Let us observe that chosen at random an initial condition on M the probabihty of getting into a resonant torus is 
zero. 

Since the quasi-periodic dynamics on a non-resonant torus is ergodic, the T"-average and the temporal averages 
are equal. 

Let us introduce the following: 

DEFINITION III.4 

Hannay-Berry connection on E P 
the connection B on E ^ P such that: 

horisiX) := < {0,X) > VX e T^P (3.26) 

where horsiX) G T^P x TyM is the horizontal lift of a vector X E T^P induced by the connection B. 

Let /i G M" be a regular value of the momentum map J(-, x) : M i-> M" and let us introduce the following sets: 

E^, := J-i(/i)n7rpi(.T) = T" (3.27) 



-B^ := U,6pB;^ (3.28) 

Introducing also the projection: 

TTp := ttpIbk (3.29) 

one has that E'^{P, T") is a torus-bundle over M ^. 
Let us finally introduce the following: 

DEFINITION III.5 

Hannay-Berry connection on E^{P^T'^) 
the restriction of B to E^ . 

Let us suppose that the parameter x evolves realizing a loop 7 : [0, 1] ^ P : 7(0) = 7(1) — xq in P. 
The Hannay angle of CDS is then the holonomy . 

Let us now compare the Aharonov-Anandan phase of QDS[CDS] and the Hannay angle of CDS. 

As we saw the former is the holonomy t;^ over the U(l)-bundle S{TL){V{TL), U{1)) while the latter is the holonomy 

over the r"-bundle E^'{P, T"). 
Let us first of all make the passage to the Simon's spectral bundle considering, for each n G Z", the map fn-P^ 
V{n): 

fn{x) := P\n,x> = |n,a::><n,x| (3.30) 

and taking into account the spectral bundle F :— f*S{Tt) previously introduced: 

such a U(l)-bundle has the same base space, i.e. P , of the r"-bundle E'^{P,T") while its fibre in x E P is: 

F^ = {exp(ia)|n,a; >,a e M} (3.31) 

Given n G Z" let us now introduce the following: 

DEFINITION III.6 



^ The first intuitive idea of the fact that the adiabatic Hannay angle should have been given by the holonomy of a connection on such a 
torus-bundle was first proposed in |12| 
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map of relation between the Hannay angle of CDS and the Aharonov-Anandan phase of QDSfCDS]: 
the map i?„ : HoIq i-^ Holf*x- 

Rr.{T^) = V7 G C,,{P) (3.32) 

where Hols is the holonomy group of the connection B, where Holf*^ is the holonomy group of the connection f*A 
and where: 

C.o{P) ■■= {7 : [0, 1] ^ P : 7(0) = 7(1) = Xo} (3.33) 
is the set of loops in P based at xq. 
Remark III.3 

Let us observe that i?„ maps the Hannay angle of CDS into the adiabatic Berry phase of QDS[CDS]. 

Since the adiabatic Berry phase of QDS[CDS] is a particular case of the Aharonov-Anandan phase related to it 
by the pull-back /* we can see R as a map relating the Hannay angle of CDS and the Aharonov-Anandan phase of 
QDS[CDS]. 

The function i?n maps the holonomy of B associated to a loop 7 into the holonomy of f*A associated to the same 
loop. 

Since € T" while r^"'^ € U{1) the map Rn has to be of the form: 

Rn{T^) = exp[i5(n • r^)] (3.34) 

for some 5 : R 1-^ M. 

Considering the case in which 7 is the constant loop 7(f) := Xo \/t € [0, 1] one has that since = It" and 
r/°-^ = it follows that: 

5(0) = (3.35) 
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